In this paper, phase correction and amplitude compensation are introduced to a previously developed mixed domain method (MDM), which is only accurate for modeling wave propagation in weakly heterogeneous media. Multiple reflections are also incorporated with the one-way model to improve the accuracy. The resulting model is denoted as the modified mixed-domain method (MMDM) and is numerically evaluated for its accuracy and efficiency using two distinct cases: a layered medium and a human skull. It is found that the MMDM is significantly more accurate than the MDM for strongly heterogeneous media, especially when the phase aberrating layer is roughly perpendicular to the acoustic beam. Additionally, convergence study suggests that the secondorder reflection is sufficient for wave modeling in lossy biological media. The method developed in this work could be used to facilitate therapeutic ultrasound for treating brain-related diseases and disorders.
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and validate an accuracy-efficiency balanced numerical model for simulating acoustic wave propagation in strongly heterogeneous media. Within the realm of biomedical ultrasound, this model is particularly pertinent to transcranial ultrasound, and could therefore facilitate research on high intensity focused ultrasound (HIFU) for treating brain-related diseases [15] , [16] as well as research on ultrasound-mediated neuromodulation [17] . This numerical model is a non-trivial extension to the previously developed MDM [12] , which is a one-way model and is only accurate for weakly heterogeneous media. To extend the original MDM to modeling wave propagation in strongly heterogeneous media, phase and amplitude corrections are proposed and evaluated in this paper. The phase correction term is first theoretically derived. As the transmission coefficient due to the variation of sound speed is not considered in the original MDM, an amplitude compensation term is also proposed. Reflections are added to the one-way model to further improve the accuracy.
The resulting method is denoted the modified mixed domain method (MMDM). Both a twodimensional (2D) layered medium and a 2D human skull are studied to evaluate the accuracy of the MMDM. Results from the MATLAB toolbox k-Wave [18] are used as the benchmark for comparison and validation purposes. This study shows that the MMDM can markedly improve the results for strongly heterogeneous media in terms of the predicted waveform phase and amplitude, provided that the phase aberrating layer is more or less perpendicular to the ultrasound beam.
While the addition of reflections can improve the accuracy of the model, it is also found that up to the second-order reflection could be sufficient for obtaining converged results when sound absorption is considered, i.e., higher order reflections do not significantly improve the result. This paper is structured as follows: Section II puts forward the phase correction, the amplitude compensation term, and the scheme for modeling the reflection. Section III systematically 4 evaluates the MMDM by comparing its results with those of k-Wave and the MDM. Section IV discusses both the strength and weakness of the MMDM. Section V concludes the paper.
II. Theory
A.
Governing equation
The governing equation is the generalized Westervelt equation [14] and it reads
where is the acoustic pressure, is the ambient density, is the speed of sound, is the sound diffusivity, = 2 3 /^2 ( is the attenuation coefficient in / and is the angular frequency), and is the nonlinearity coefficient. In the original MDM, Eq. 
The effect of density heterogeneities is taken into account by the term √ ∇ 2 1 √ . In the event that the density distribution is not sufficiently smooth, which could be the case for heterogeneous media, the Laplacian term ∇ 2 1 √ will lead to a δ-like function [19] . While this was not identified as a major issue for weakly heterogeneous media [12] , it could render the algorithm unstable for strongly heterogeneous cases. A previous paper also discussed the adverse effect of this Laplacian term in the context of the KSTD method [20] . Consequently, the density is first assumed to be homogeneous in the governing equation. The density heterogeneity effect will be later considered via an amplitude correction term proposed in part C of this section. To reduce the spatial aliasing error, an absorption boundary layer is added by introducing a frequency-independent absorption term to the governing equation [21] , where = / cosh 2 ( ) ( is a constant, is a 5 decay factor, and denotes the distance in number of grid points from the boundary). Thus, the modified governing equation reads 
By performing the Fourier transform to Eq. (3) with respect to x, y and t, we have 
where ̃ is the (4) can be derived from the 1-D Green's function in an integral form [22] , such that
where
Equation (5) can be solved by using a Simpson-like rule [23] . In this model, wave effects such as diffraction, attenuation, dispersion and nonlinearity are all considered. Additionally, density, speed of sound, attenuation coefficient, power law exponent and nonlinear coefficient can all be spatially varying functions. The Kramers-Kronig dispersion relation is applied by directly replacing the speed of sound with and = (1/̂+ 0 tan( /2) −1 ) −1 [22] ,where ̂ is the sound speed at zero frequency, is the power law exponent, 0 is the absorption in Np•MHz . This model, however, is only accurate for media with weak speed of sound contrast. As shown by our previous study [12] , this model is a one-way model; it does not consider the transmission coefficient associated with the speed of sound variation. There is also an intrinsic error when computing the 6 phase of the advancing wavefront, which grows as the speed of sound contrast increases [12] . To have a more general model that could be applied to strongly heterogeneous media, phase correction and transmission compensation will be introduced. Multiple reflections are also proposed to complement the model.
B. Phase correction
Considering a 1D inhomogeneous medium with a speed of sound distribution that is
The analytical solution of the pressure at z + ∆z (z = z 0 ) without considering the transmission coefficient (only consider the phase change) is
where ′ is the wave number and ′ = / 2 , is the wave pressure at z with a frequency of .
The original MDM solution, on the other hand, is described as [12] 
For 1D wave propagation, = / 0 and = − rigorously proven that this solution is only valid for weakly heterogeneous media [12] . To solve the integral equation in the form of
, the Trapezoidal rule is applied and it yields
Applying this to Eq. (9) leads to
7 By rearranging Eq. (11), we have
To examine the exact phase error in the MDM, Eq. (12) is subtracted from Eq. (8) . Rearranging the resulting equation, the following equation is arrived at, which yields
(13)
) is therefore the phase correction term. Although this correction is derived based on the 1D assumption, it can be applied to more general cases with a sufficient accuracy as will be shown later in this paper.
C. Amplitude compensation
The transmission coefficient due to the variation of sound speed is not considered in the original MDM, which can be a significant source of error for simulations involving a large speed of sound contrast. Although the MDM could consider the transmission coefficient due to the variation of density, as stated earlier, the density heterogeneity term could introduce a singularity and render the algorithm unstable. Therefore, an amplitude compensation is introduced for addressing the density and speed of sound heterogeneities. The compensation term reads (similar to what was used in reference [11] )
where ( , , ) and ( , , ) are the speed of sound and density at plane , respectively;
( , , + ∆ ) and ( , , + ∆ ) are the speed of sound and density at plane + ∆ ,
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respectively. Similar to Eq. (13), Eq. (14) is only exact for 1D cases [24] . To implement the phase and amplitude corrections, the second term on the right hand side of Eq. (13) is added to ̃( ) in Eq. (5) during the iteration. After applying the inverse Fourier transform to ̃( ), the amplitude is then corrected by multiplying ( , , ). 
D. Multiple reflections
Reflections can be further added in the MMDM by using the following equation [24] 
where is the incident wave used for calculating the reflected wave. For example, when calculating the first-order reflection, is the transmissive waveform at each plane, i.e., the result of the one-way MMDM. The corresponding is first calculated for each layer by Eq. (15) and stored during the forward projection step. Subsequently, the entire first-order reflection field can be computed by considering as the boundary condition and having it propagate in the backward direction. When calculating the second-order reflection, is given by the first-order reflection wave field. By propagating the resulting in the forward direction, the second-order reflection field can be formed. This procedure continues until the desired maximum order of reflection is reached. In general, an even-order reflection is associated with forward propagation while an odd-order reflection travels in the backward direction. The final wave field can be obtained by superposing all solutions. It is noted that, again, Eq. (15) is only exact for 1D wave propagation, which is consistent with the assumption underpinning Eqs. (13) and (14) . A flowchart illustrating how the corrections and reflections are implemented in the MMDM can be found in Fig. (1) .
III. Simulation Results
Two representative cases are first studied to evaluate the accuracy of the MMDM. In all cases, focused ultrasound beams are used and are generated with a planar phased array. For transient simulations, a Gaussian-modulated pulse is used and is expressed as
where 0 is the magnitude of the pulse and is the center frequency. 
where ‖ ‖ is the L2-norm of the acoustic pressure. The MMDM is also capable of directly modeling the acoustic field at the frequency of interest [13] since this method is intrinsically a frequency-domain method. It is shown that, compared to transient simulations, where the acoustic field of a certain frequency needs to be acquired by 
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IV. Discussion
We have investigated the accuracy of the MMDM for modeling linear/nonlinear wave propagation in strongly heterogeneous media. It is found that with the phase correction, amplitude compensation, as well as the addition of reflections, the MMDM is significantly more accurate than the original MDM for the two cases tested in this study. Some deviations in terms of the pressure amplitude between the MMDM and k-Wave results can be observed in the skull case. This is likely due to the fact that the amplitude compensation introduced in the MMDM is based on the 1D assumption, though there is also the possibility that k-Wave results are less accurate for a complicated structure like the skull [25] . This could also explain why the amplitude deviation is less visible in the layered medium case, as the layer has a more regular shape and therefore the 1D assumption is more applicable and k-Wave results are also potentially more accurate in this case. To confirm this, we investigate a case where the layer is tilted at an angle of 11° instead of being normal to the beam direction ( Fig. 5(a) ). The density and speed
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of sound contrast are kept at 2.0. The time domain waveforms recorded at the focal point of the transducer are compared in Fig. 5(b) . The L2-norm error is 1.0132 for MDM and is 0.4101 for MMDM4. In this case, larger amplitude differences are observed, while the phase correction still seems to be robust although the 1D assumption breaks down in this case. Another scenario where the 1D assumption could break down is when the wave field is strongly diverging (e.g., a spherical or cylindrical wave). This, however, is less relevant to therapeutic ultrasound and therefore is not discussed here. suggest that it may not be necessary to apply corrections or even reflections to the MDM for soft tissue, this conclusion should be scrutinized for problems involving considerably larger computational domains, since the phase and amplitude errors grow along the wave propagation direction in the MDM. The convergence study for the lossless soft tissue and lossy soft tissue are also carried out and the results are shown in Fig. (7) with the MMDM50 results as the benchmark.
It can be concluded that in this soft tissue case, up to the second-order reflection could be sufficient to obtain converged results (L2-norm errors being smaller than 0.02).
V. Conclusion
In this paper, phase correction and amplitude compensation are proposed and implemented in the MDM so that the algorithm can be more suited to modeling wave propagation in strongly heterogeneous media. The resulting model, i.e., the MMDM, is evaluated by studying two cases with strong speed of sound and density contrasts. Simulation results show that the MMDM is markedly more accurate in terms of predicting the phase and amplitude of the waveform, provided that the ultrasound beam is more or less perpendicular to the phase aberrating layer. It is also shown that reflections can be added to the MMDM to further improve the accuracy of the model.
Convergence studies show that the second-order reflection is sufficient for soft tissue and lossy skull simulations. While the computation time increases with the addition of reflections, the MMDM is still computationally efficient when used to predict the wave field at specific frequencies of interest. Though the simulations in this paper are conducted in 2D, the algorithm can readily be extended for 3D simulations. In the future, the MMDM can be coupled with the bioheat transfer equation to estimate temperature elevation in tissue. Backward propagation can 21 also be investigated for applications such as phase correction and photoacoustic tomography in heterogeneous media.
